
The Vitali Covering Theorem.

Let (X, d) be a metric space such that closed bounded sets are compact
and let µ∗ a nonzero outer measure on X such that all Borel subsets of X
are measurable with respect to µ∗. The restriction of µ∗ to the measurable
subsets of X will be denoted by µ. We assume that µ satisfies a doubling
condition

µB(x, 2r) ≤ CµB(x, r).
Let E be a subset of X then a collection V of subset I of X is a Vitali
cover of E iff

(1) Each I ∈ V is a closed set,
(2) For all x ∈ E and ε > 0 there is an I ∈ V such with x ∈ I and

r(I) < ε, and
(3) There is an α > 0 such for each I ∈ V there is a ball B(xI , rI) with

I ⊂ B(xI , RI) and

µI ≥ αµB(xI , rI).

If V is a Vitali cover of some set let

r(V) = sup
I∈V

rI .

Theorem 1. Let U ⊂ X be a bounded open set with µU < ∞ and let E ⊆ U
be any set (not necessarily measurable). Let V be Vitali cover of E such that
I ⊂ U for all I ∈ V. Let ρ ∈ (0, 1) and let a sequence {Ik}∞k=1 of elements
of V be chosen so that I1 is any element of V such that

rI1 ≥ ρr(V).

If I1, . . . , Ik have been chosen let

Vk := {I ∈ V : I ∩ (I1 ∪ · · · ∪ Ik) = ∅, and E ∩ I 6= ∅}
and let Ik+1 be any element of Vk such that

rIk+1
≥ ρr(Vk).

Then

µ∗
(

E r

∞⋃
k=1

Ik

)
= 0.

Here are some problems that outline a proof. To simplify notation let
rk = rIk

and xk = xIk
.

Problem 1. limk→∞ rk = 0. Hint: As the sets {Ik}∞k=1 are pairwise disjoint
we have

µU ≥ µ

( ∞⋃
k=1

Ik

)
=

∞∑
k=1

µIk.

Therefore
∑∞

k=1 µIk < ∞ which implies that

0 = lim
k→∞

µIk ≥ lim
k→∞

αµB(xk, rk) ≥ 0.

Thus limk→∞ µB(xk, rk) = 0. Now assume, toward a contradiction, that
limk→∞ rk 6= 0. Then there is a δ > 0 and a subsequence rk`

such that
rk`

≥ 2δ for all ` and, by local complactness, by going to a subsequence we
can assume that lim`→∞ xk`

= x∗ exists. Then for all sufficiently large ` we
have that B(x∗, δ) ⊂ B(xk`

, r`). Use this to show that µB(x∗, δ) = 0 and
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then use the doubling condition to show that this implies µX = 0, which
contradicts that µ is not the zero measure. �

Problem 2. Let x ∈ Er
⋃k

j=1 Ij . Show that x ∈ ⋃∞
j=k+1 B(xj , (2ρ−1+1)rj).

Hint: The set
⋃k

j=1 Ij is closed and V is a Vitali cover thus there is an

I ∈ V with x ∈ I and B(xI , rI) ∩
(⋃k

j=1 Ij

)
= ∅. Let n ≥ k and assume

that B(xI , rI) ∩
(⋃n

j=1 Ij

)
= ∅. Show

rn+1 ≥ ρr(Vn) ≥ ρrI

and this implies that B(xI , rI)∩
(⋃n+1

j=1 Ij

)
6= ∅ for some n ≥ k (as rn+1 →

0). Let n be the smallest integer where B(xI , rI) ∩
(⋃n+1

j=1 Ij

)
6= ∅. Then

explain why rn+1 ≥ ρr(Vn) ≥ ρrI and

B(xI , rI) ∩ B(xn+1, rn+1) 6= ∅.

Show these facts and that x ∈ B(xI , rI) implies that x ∈ B(xn+1, (2ρ−1 +
1)rn+1) which completes the proof. �
Problem 3. Complete the proof of Theorem 1. Hint: Let F := E r⋃∞

k=1 Ik. We wish to show that µ∗F = 0. By the last problem we have for
each postive integer n that F ⊂ ⋃∞

k=n+1 B(xk, (2ρ−1 + 1)rk). Therefore by
sub-additivity

µ∗F ⊂
∞∑

k=n+1

µB(xk, (2ρ−1 + 1)rk).

Whence if the series ∞∑
k=1

µB(xk, (2ρ−1 + 1)rk)

converges we are done. Explain why it does converge.

Problem 4. Let U be a bounded open set in the plane. For any such set
let

r(U) = sup{r : U contians a disk of radius r.}.
Define a sequence of closed disks as follows. D1 is any closed disk in U
with radius at least 1

2r(U). If D1, . . . , Dn have been defined let Un :=
U r (D1 ∪ · · · ∪ Dn) and Dn+1 be any disk contained in Un with radius at
least 1

2r(Un). Show that
∞∑

k=1

Area(Dk) = Area(U).
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