Mathematics 546 Homework.

What are likely the most important result we have covered recently are

Theorem 1 (GCD tis linear combination). Let a and b be integers, not
both zero. Then there are integers x and y such that

ged(a, b) = ax + by. 0

Recall that two integers a and b, not both zero, are relatively prime if
and only if ged(a,b) = 1. That is if and only if the only integers that divide
both a and b are £1.

Theorem 2. Let a and b integers. Then a and b are relatively prime if and
only if there are integers x and y such that

ax + by = 1.
Problem 1. Prove this. Hint: If a and b are relatively prime, that is
if ged(a,b) = 1, then that there are integers x and y with ax + by = 1 by
Theorem[l] So you only have to prove that az+by = 1 implies ged(a, b) = 1.

To do this let d = ged(a,b) use that d divides both a and b to show that d
divides 1 O

Proposition 3. Let a,b,c € Z with ged(a,b) = ged(a,c) = 1. Then also
ged(a,be) = 1. (This is if a is relatively prime to each of b and c, then it is
also relatively prime to the product be.)

Problem 2. Prove this. Hint: As has be said in class often the best way to
use the hypothesis that two numbers are relatively prime is to use Theorem
Using this theorem we have integers x1,y1, X2, y2 with

ary +by; =1
ars +cys =1
Multiply these together:
(az1 + byr)(axe + cy2) = 1°=1
and show this can be rearranged in the form
aX +bcy =1
for some integers X and Y. By Theorem [2]this shows that ged(a,bc) = 1. O

Proposition 4. Let a and by, b, ..., b, in integers with ged(a,bj) =1 for
1 <j<n. Then ged(a,bibs---b,) = 1. (That is if a is relatively prime to
each of a finite set of integers by, bo, ..., b,, then it is also relatively to the
product bibg - - - by.)

Problem 3. Prove this. Hint: This is really just a problem to let you
practice using induction. O

Corollary 5. If ged(a,b) = 1, then for any positive integer n
ged(a,b") = 1.
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Proof. In Proposition [ let by = by = --- = b, = b. m

Problem 4. For the following pairs of numbers a and b use the Euclidean
algorithm to find ged(a, b) and find integers = and y with az+by = ged(a, b).
(a) a =135,b =065

(b) a =7684, b =4148.

Here you should review the Fundamental Theorem of Arithmetic as on
page 20 of the text.

Recall that a number r is a rational number if and only if r = a/b where
a and b are integers. Here is an example of using the Fundamental Theorem
of Arithmetic so show a number is irrational (that is it is not rational). Let

_ In2
T=1as
We not show this is irrational. Assume, toward a contradiction, that it is
rational. Then there are positive integers a and b such that

_In2 a
Ul ey

Cross multiply to get
bIn2 = aln3.

This can be rewritten as
In(2%) = In(3%),
which implies
20 =3¢
But this is impossible as it would contradict the uniqueness part of the
Fundamental Theorem of Arithmetic as the number n = 2° = 3% would
have two prime factorizations.

Problem 5. Show that the number
_In15
T
is irrational. O

We are starting to study congruences. Our definition is

Definition 6. Let n be a positive integer and a and b any integers. Then
a and b are congruent modulo n if and only if n | (b — a). This is written
as a = b (modn). O

Note this differs from the definition in the test (see page 28) where our
definition is Proposition 1.3.2 on page 28. The most basic properties of
congruence modulo n are given by

Theorem 7. If n is a positive integer and a,b, c are any integers then con-
gruence modulo n has the following properties

(a) Reflexive property: a = a (modn) for all a € Z
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(b) Symmetric property: a = b (modn) implies b = a (modn) for all
a,beZ

(c) Transitive property: a = b (modn) and b = ¢ (modn) implies a =
¢ (modn) for all a,b,c € Z. O

Congruence is related to addition and multiplication as follows

Theorem 8. Ifn is a positive integer and a, b, c,d are integers with

a=b (modn) c¢=d (modn)

then
a+c=b+d (modn),
a—c=b—d (modn)
and
ac = bd (modn). O
Problem 6. Let n be a positive integer and a, b, c,d € Z. Let x,y € Z with
r =y (modn).
Prove that
azr® + bz + cx +d = ay® + by? + cy + d (modn). 0

Problem 7. Let n be an integer with decimal expansion abed. (For example
if n = 5367, then a = 5, b =3, ¢ =6, and d = 7. Note that abcd is really
just short hand for saying

n = a(10) + b(10) + ¢(10) + d.
Show that
n=a+b+c+d (mod9)

and
n=—-a+b—c+d (modll)

Problem 8. Explain why the number n = 123,456,789 is divisible by 9.
(That is show n =0 (mod9).) O

Problem 9. (a) For a = 7684 and b = 4148 find gcd(a,b) and also find
integers x and y with az+bged(a,b). (This is a problem from the text.)
(b) Solve the congruence 19z = 1 (mod 256).
Solve the congruence 192 = 1 (mod 256). Hint: There are examples these
type of problems at:
http://ralphhoward.github.io/Classes/Fall12020/546/Lesson_2/ [J


http://ralphhoward.github.io/Classes/Fall2020/546/Lesson_2/

