Mathematics 555 Test 1, Take Home Portion: Answer Key.

1. Let f: (a,b) — R be twice differentiable with f’ and f” both

continuous. Show for x € (a,b) that

L fla ) = 27(x) + flz ~ )
h—0 h?

= /().

Solution: Let h # 0 be so that  — h,x + h € (a,b) and let € > 0. By
Taylor’s Theorem there is §; between x and x + h such that

flx+h)= f(x)+ f(x)h+ %&)h?

Likewise there is & between x and x — h with

flo =) = Fa) — fh+ L5y
Adding these gives

J"(&1) + f”(f2)h2‘

fla+h)+ flo—h) = 2f(x) + L521

This can be rearranged to give

flx+h)=2f(x) + fle—h) _ ["(&)+ (&)

h? 2
Now subtract f”(x) from both sides of this and take absolute values to
get
f(x + h) - 2,];(;’) + f(l’ — h) . fll(ﬂf) _ f//(fl) —; f”(§2> _ fI/(SC)'
_ | S&) £ f(6e) — 2f"(x)
2
_ | &) = f(2) + (&) = (%)) '
2
< &) = (@) + [ 17(&) = ()]
- 2

As f” is continuous at x there is a § > 0 such that

| — 2| <& implies |f"(&) — f"(x)| <e.

Let 0 < |h| < 4. Then as & is between z and x+h we have |z —&;| < e.
Likewise & is between = and « — h and thus |z — &| < . Therefore if



0 < |h| < & we have

fx+h)=2f(x) + f(x —h) /7€) = ["(@)[ + (&) — f"(@)]

1
<6 +e
2
=€
which completes the proof. O
2. Let E be a compact metric space and f, fi, fo, f3,...: £ — R

continuous functions. Assume for all z € E that
lim f(x) = f(z)
n—oo
and that
filz) = fa(x) = fa(2) = falz) = -
(that is the sequence (f,,(2))5°, is monotone decreasing). Show lim,,_, f,, =

n=1

f uniformly. Hint: Let £ > 0 and let

U,={z€FE: f(x)— f(x) <e}.
Quote a theorem from last semester that tells us that U, is open. Then
show
Un g Un+l
and that U = {U;,Us, Us, ...} is an open cover of E.

Solution: As the sequence is monotone decreasing we have

for all . Let « € U,,. Then

e> fulz) = f(2) 2 fani(z) = f(2)
and therefore z € U,,1. Thus U, C U, ;. Also the function f — f, is
continuous and

Up = {21 (fa— f)(2) € (=00,€)} = (fu — f) 7 (=00,2)].
Therefore U, is the preimage of an open set by a continuous function
and thus U, is open.

Let x € E. Then lim,,_, f,(z) = f(z) and therefore there is N such
that n > N implies |f,(z) — f(x)| < e. But then
falz) = fz) < |falz) — f2)] <&
Therefore z € U, for n > N. This shows that U = {U;,Us, Us, ...} is
an open cover of E. As E is compact there is there is a finite set

{Unys Unyy -, U} CU



that covers. Let
N = max{ny,ng, ..., ng}.
Then, as {Un,, Un,, ..., Uy, } is a cover of E,
E=U,ulU,U...uU,, =Uy.
If n > N, then U, D Uy = F and thus for all z € F if n > N we have
0< fulz) = flx) <e

and therefore |f,(z) — f(x)| < e. This shows that lim, o fr, = f
uniformly. U

3. Let f: R — R be differentiable at all points and let a < b. Assume
f'(a) > 0and f'(b) < 0. Prove there is ¢ between a and b with f'(c) = 0.
Remark: The derivative f’ need not be continuous and therefore this
does not follow from the intermediate value theorem. U

Solution: The interval [a,b] is compact and f is continuous. Thus f
achieves its maximum on [a,b]. We now show that this maximum on
[a,b] is at an interior point of the interval. As f’(a) > 0 we have

1o 1) = f(a)

lim ———= = f'(a) > 0.
Thus there is a § > 0 so that if 0 < |z — a| < §, then
z)— f(a , ,
T =1 _ o)) < s

r—a
This implies that if 0 < |z — a| < § then
f(x) — fla) f(x) — f(a)

T —a T —a

> f'(a) — - f'(a)| > 0.
Therefore if a < x < a + § we have can multiply this by the positive
number = — a) to get

f(z) > f(a).
Thus the maximum does not occur at x = a.
Likewise there is a d; such that if 0 < |z — b| < d;, then (using that

—f(b) > 0)

OTO | < -
Thus
S0 gy |10y



Therefore if b — §; < x < b we can multiply by the positive number
—(z —b) to get
f(x) > f(b).

Thus the maximum of f on [a,b] does not occur at b.
Putting this together gives that the maximum of f occurs at an
interior point, ¢, of [a,b]. Thus f has a local maximum at ¢ and thus

f'(e) =0. O

4. Let F and E’ be a metric space and f: E — E’ a function. Let
a > 0. Then f satisfies a Holder condition of order « if and only if
there is a constant C' > 0 such that

d(f(p), f(q)) < Cd(p,q)”

for all p,q € F.

(a) Show that if f satisfies a Holder condition, then f is uniformly
continuous.

Solution: Let € > 0 and let

()"

Then if p,q € E with d(p,q) < § we have

A(f(p). 1(p)) < Ci(p,q)V/* < C6° = C ((g)”a)a .

Thus f is uniformly continuous. O

(b) Let f: R — R satisfy a Hélder condition of order o > 1. Show
f is constant. (If you want to be a bit more definite it is ok to assume
that & = 2 in this problem.)

Solution: Let a € R. Then by the Hélder condition we have for x € R,

[f(z) = fla)] < Clz —al*.

We now use this to show that f’(a) = 0. This will show that f’ =0 at
all points and thus f is constant.

f(@) = fa)| _ |f(@) = f(a)
r—a |z — al
< C’]a; - a’]a

= Clx —al*™.



Let € > 0 and set

€\ 1/(a=1)
o= (%) .

C

Then a calculation as in part (a) shows
0<|z—al<d implies ‘M <e
r—a
and therefore
x—a T —a

which completes the proof. U

5. Let f, fi, fo, f3,...E — E’ be maps between metric the metric
spaces F and E’. Assume that lim,, , f, = f uniformly and that each

fn is uniformly continuous. Show that f is also uniformly continuous.
O

Solution: Let € > 0. As f, — f uniformly, there is a N such that
n > N implies d(f.(p), f(p)) < % for all p € E.

Let choose ng with ng > N. The function f,,, is uniformly continuous
and thus there is a 6 > 0 so that for p,q € £

d(p,q) <6 implies d(fn,(P), fro(q)) <
Whence if p,q € F with d(p,q) < 6 we have
d(f(p), [(q)) < d(f(p); fao(P)) + d(fro(P), fro (@) + d(fno(q), f(q))

cELE.LE
3 3 3

:57

[GSRNO)

which shows f is uniformly continuous. O



