Mathematics 552 Homework.

Theorem 1. Let D be an open domain in C and f(z) a function that has
an anti-derivative in D. That is there is a function F(z) such that

F'(z) = f(2)
in D. Then for any curve v in D we have the following form of the funda-
mental theorem of calculus:

L f(2)dz = F(2)

Yend
= F(’Vend) - F(’Yinitial)

Yinitial

where Yinitia 18 the initial (beginning) point of v and ~enq s the end point
of 7.

Proof. Let z(t) = x(t)+iy(t) for a <t < b be a parameterization of y. Then

2(@) = Yinitial, 2(b) = Yend
and
dz = 2'(t) dt
Z(b) = Yend
2(@) = Vinitial

Then

b

f(2)dz= [ f(2)2'(t)dt (def. of the line integral)
0 a
b

= [P wa  (Using F'(2) = [(2)
ab d
= [ —F(z(t))dt (chain rule)

= F(z2(b)) — F(2(a))  (math 141 version of fund. thm of calculus)

= F(Yend) — F (Vinitial) o



Recall that a curve is closed if and only if Vipitial = VYenq- That is if and
only if v starts and ends at the same point. The following is a special case
of the previous result, but is important enough to be called a theorem in its
own right.

Theorem 2. Let f(z) have an antiderivative on the open domain D. Then
for any closed curve v in D
/ f(z)dz=0.
gl

/f(z) dz = F('Yend) - F(’Yinitial) =0. 0
'y

Proof.

This implies that if there is a closed curve in D such that
[ #eraz £ 0
.

then f(z) does not have an antiderivative in D.
For the next couple of problems let D, be the complex plane punctured
at a. That is
D,={z€C:z#a}.

Problem 1. Let v be a closed curve in D, and let

f() = (=~ a)"

where n is an integer with n # —1. Show

/vf(z)dz:/wzd_zazo.

Hint: By Theorem [} it is enough to show that f(z) has an antiderivative
F(z). You should be able to give an explicit formula for F(z). O

Problem 2. (a) Let

fe) = —

in the domain D,. Let r > 0 and let y be the circle |z — a| = r traversed
in the positive (that is counterclockwise) direction. Compute

/7 £(2)dz

or being more explicit compute

/ dz
|z—a|=r # — @

Hint: The circle |z — a| = r is parameterized by z(t) = a + re’ with
0 <t < 27w. With this parameterization the integral should simplify a
lot.

(b) Use your answer to explain why f(z) has no antiderivative in D,. O




Theorem 3 (Green’s Theorem Part 1). Let D be a domain as shown:

Then a b

P(x,y)d / Py(z,y) dzx dx
oD

Proof. Using the standard convention that we transverse the boundary keep-
ing the inside on the left we have that

b b
P(m,y)dmz/ P(x,f(x))dm—/ P(x,g(z))dzx

oD

b
_ / (P(z,g(x)) — P(z, f(2))) da

oP
— aiy (z,y) dy dx (by Fundamental Theorem of Calculus)
(UC)

// (x,y) dx dy

as required. O

Theorem 4 (Green’s Theorem Part 2). Let D be a domain as shown:

B

Then



4

Proof. Again orienting the direction moving around the curve so that the
inside is on the left we have

Ié] B8
[ Qe deay = / Qg(y),y) dy — / QU (), y) dy
B8
— / Q). y) — QU (). y)) dy

99 9
= / / Q(:C, y) dx dy (by Fundamental Theorem of Calculus)
fy) O

[ ey

which is what we were to prove. O

Theorem 5 (Green’s Theorem). Let D be a bounded domain with a nice
boundary and let P(x,y) and Q(x,y) be functions that have continuous par-
tial derivative on D and its boundary. Then

/aDde—i—Qdy://D(—Py—i—Qx) dx dy.

Proof. This basically is just the two versions of Green’s Theorem we have
already done added together. U

Theorem 6 (Cauchy Integral Theorem). Let D be a bounded domain and
f(z) = u+ v be a function that satisfies the Cauchy-Riemann Equations
(i.e. if f(2) is analytic) on D and its boundary. Then

f(2)dz =

oD

Proof. This is an almost straightforward application of Green’s Theorem
and the Cauchy-Riemann equations:

RECE /B (-t 0)(da + idy)

:/ udﬂc—vdy+i/ vdr +udy
oD

// ) dzdy + i // —Uy + Ug) drdy (by Green’s Theorem)

= // (—uy + uy) dx dy—i—i// (—ug + uy) drdy (by CR equations)
D D

and we are done. O

Problem 3. Let f(z) be analytic in a domain D and let a € K. Let r > 0
be so small that the disk |z — a| < r is contained in D as in this figure



(a) Use the Cauchy Integral Theorem to show

(2) dz:/ f) .
|z—al=r

oD 2 — a z—a

Be sure to say why Cauchy Integral Formula applies.
(b) Use Part (a) and the parameterization of |z — a| = 7 given by z =
a + ret with 0 < t < 27 to show

f(Z)dz:/ Mdzzi 27rf(aJrrei'f)dt.
|z—al=r

oD % —a z—a 0

Problem 4. With the same set up as in Problem 1 explain why

27
lim fla+retydt =2nf(a)
r—0t Jo
and use this to show
/(z) dz =2mif(a).
oD Z—a

O

You have just proven what may be the most important result in Complex
Analysis:

Theorem 7 (Cauchy Integral Formula). Let D be a bounded domain with
nice boundary and f(z) be analytic on D and its boundary. Then for any
point a € D

1 f(z)dz

fla) =

27 Jop z—a

Example 8. Consider the following path:



102

—10 10

o —Tt
We now use the Cauchy Integral formula to evaluate

z
/2€2dz
N Z +

This function is analytic except where the denominator becomes zero. That
is where 22 + 72 = 0. Note that 2%+ 72 = (2 — mi)(z + 7i). So that the bad
points are z = 7¢ and z = —7i. Thus our integral becomes

L ( — m’sz ) @

We only need to work about the point 7i as it is the only non-analytic point
inside of . Rewrite the integral as

z

where
f(z) =

The function f(z) is analytic inside of 7. So by the Cauchy integral formula
z i .
/ ‘ dz:/f(z)dz:QWif(m):Qm R g
gl v

22 + w2 (z — i) i + i

z24+Ti

O

Problem 5. Let z; be a complex number and v a simple closed curve that
does not pass through z;. Show

/ dz | 2mi, if 2 is inside of ~,
N 2= 21 o, if z1 is outside of ~.

Hint: Use part (d) of Problem 2, or the Cauchy Integral Formula, with
f(z) =1, D the region inside of «, and z = z;.

Problem 6. The following figure shows the points ¢, —i, 0, and 4 along with
three paths a, 8, and ~.



a

Use the Cauchy integral formula to

2z +1
Evaluat d
(a) vauaeLZ(Z_4)(z2+1) z,

dz,

2241
b) Evaluat
(b) vauae/ﬁz(z_4)(zz+1)

2z +1

(c) Evaluate /Y DD dz.




