Mathematics 554 Homework.

On Test 1 you have have to give a proof of either Theorem 1 or Theorem 2
below. So part of this homework is making sure you understand the proofs
and can reproduce them.

Let us review some of what we have covered recently. Let C be the graph
of y = f(x) with a <z < b. Then we can parameterize this by

r(z) = (z, f(z))
or in parametric form
r==x dr = dx
y=f(z) dy = f'(x) dz.
so that
b
| P+ Qaade = [ (Pl f@) + Q. f@) ) da

If @ = 0 this simplifies to

/CP(ac,y) d:v:/abP(ﬂc,f(x))dx

‘We also want to recall the Fundemential Theorem of Calculus. In its most
basic form it is

/a " Fe) de = P(2)

Since it does not matter what variable we use in an integral we also have

b b
| Pwa=rw|_ -re)-F.
This can be generalized to
b
P
O (a.y) dy = P(2,5) - P(,a).
a Oy

Or more generally yet we can let a and b depend on z, for as far as integration
with respect to y is concerned z is a constant and thus so are f(x) and g(z).
Thus the Fundemential Theorem of Calculus in this case gives us that

f(=) OP
/gu) oy (Y dy = Pz, f(@)) = P, g(z)).

Theorem 1 (Green’s Theorem Part 1). Let D be a domain as shown:



a b

jéaDP(a:,y)da::—//DPy(x,y)dA

where dA = dx dy = dy dx is integration with respect to area.

Then

Proof. Using the standard convention that we transverse the boundary keep-
ing the inside on the left we have that

b b
P(a:,y)da::/ P(a:,f(a:))d:c—/ P(x,g(x))dz

oD

b
_ / (P(z,g(x)) — P(z, f(2))) dz

b r9(@) gp
=— / / —(z,y) dy dx (by Fundamental Theorem of Calculus)
a Ji@) 0y

oP
= —//D yy(%y)dwdy

as required.

Theorem 2 (Green’s Theorem Part 2). Let D be a domain as shown:

B

Then



3

Proof. Again orienting the direction moving around the curve so that the
inside is on the left we have

B8 B8
b Q) dedy = / Qg(y),y) dy — / QU () y) dy
B8
- / Q). y) — QU (y).y)) dy

/ / ( : 7 (z,y)dx dy (by Fundamental Theorem of Calculus)
Iy

[ By

which is what we were to prove. U

Theorem 3 (Green’s Theorem). Let D be a bounded domain with a nice
boundary and let P(x,y) and Q(x,y) be functions that have continuous par-
tial derivative on D and its boundary. Then

8Dde+Qdy://D(Py+Qm)dzdy.

Proof. This basically is just the two versions of Green’s Theorem we have
already done added together. O

Problem 1. Let C be a simple closed curve as pictured and let D be the
region inclosed by D

We transverse the curve keeping the interion on the left (that is counter-
clockwise). Show

1
jq{ —ydz + x dy = Area(D).
2 Je

Problem 2. Find the area inclosed by the ellipse with equation

2 2
z Y
- + b72 —
where a,b > 0. Hint: Start by showing this ellipse is parameterized by
x = acos(t), y = bsin(t).

Problem 3. For practice in using Green’s Theorem in Vector Calculuson
page 155 do problems 1-4.
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Problem 4. We have done this in class, but it is worth doing again to make
sure we understand it. Let C be a simple closed curve in the place and D
the region it inclosed. Let r: [a,b] — R? be a parameterization of C' which
transverses C' so that the inside of D is on the left. Then we have seen that
the outward pointing unit normal to D along C is

n(t) = @)~/ ()i — 7' (1))
where r(z) = z(t)i + y(t)j. Let
F=Pi+qj
be a vector field. Let ds = ||r/(¢)|| dt be arclength measure along C'.

(a) Show
b
%F~nds:/ —Qdx + Pdy.
C a

(b) Apply Green’s Theorem to this to get

fF.ndsz//Ddiv(F)dA

oP 0Q .

where div(F) = 3 —i—a— is the divergence of F. This is the Divergence
x

Theorem.
One form of the chain rule for functions f = f(x,y) of two variables is

of dxe Of dy
%f(x(t),y(t)) ordt " oydt

Definition 4. Let f = f(x,y) be a differentiable function of two variables.
Define the gradient of f to be the vector field

of.  of

Vf:= Do + 873/‘]'
Problem 5. Compute the gradient of the following
1
(a) f(z,y) = 5(662 +42).

(b) g(z,y) = 2™V
(c) h(z,y) =In(z? + y?).

Problem 6. Let V be a vector field and f a scalar function. Show
div(fV)=Vf-V + fdiv(V).

Problem 7. Let r(t) = z(t)i + y(t)j and f = f(z,y) a function of two
variables. Show the chain rule can be rewritten as

d :
(1) = VI (x(0) 1),

Problem 8. Let r: [a,b] — R? be a parameterization of the curve C' and
f(z,y) a differentiable function.



(a) Chase through definitions to show

b
/ Vfedr= / Vf(r(t)-r'(t)dt.
C a
(b) Use this and the Fundamental Theorem of Calculus to show
’b

L redr = pee)]_, = 1e®) = ftela)).



